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A number of accepted t e c h n i q u e s  e x i s t  to  i n v e r t  r a d i a n t  t r a n s f e r  d a t a .  
Each  t echn ique  invo lves  ce r t a in  a s sumpt ions  and  has  inhe ren t  l imi t a t ions .  
Der ived  here  is a new i te ra t ive  t e c h n i q u e  w h i c h  r e c o v e r s  d e n s i t y  p r o f i l e s  i n  a 
nonhomogeneous absorbing  a tmosphere.  The t echn ique  is based   on   the   concept  of 
f a c t o r i n g  a f u n c t i o n  of t h e  d e n s i t y  prof i le  i n t o  t h e  p r o d u c t  o f  a known term 
and a term which is n o t  known, b u t  whose power series expansion can be found. 
T h i s  series converges  rap id ly  under  a wide range of c o n d i t i o n s .  
A demonstrat ion example of s imula ted  da ta  f rom a h i g h - r e s o l u t i o n  i n f r a r e d  
he te rodyne   ins t rument  is i n v e r t e d .   F o r   t h e   e x a m p l e s   s t u d i e d ,   t h e   t e c h n i q u e  is 
shown to be  capable  of e x t r a c t i n g  f e a t u r e s  o f  o z o n e  p r o f i l e s  i n  t h e  t r o p o s p h e r e  
and to be p a r t i c u l a r l y  s t a b l e .  
INTRODUCTION 
One of t h e  fundamenta l  p roblems in  t h e  theory  of  a tmospher ic  remote s e n s i n g  
can be posed as follows: I f  t h e  r a d i a t i o n  emitted from a n  o b j e c t  whose emis s ive  
c h a r a c t e r i s t i c s  a r e  known is measured in  each of a number of  ins t rument  channels  
a f t e r  t h e  r a d i a t i o n  h a s  passed through an absorbing atmosphere with known or 
assumed optical  p r o p e r t i e s ,  what can  be  infer red  f rom these  measurements  about  
t h e  v e r t i c a l  d i s t r i b u t i o n  of t h e  absorb ing  species i n  t h e  a t m o s p h e r e ?  For exam- 
ple, one may want to i n f e r  t h e  c o n c e n t r a t i o n  p r o f i l e s  of an atmospheric  gas  or 
t h e  tempera ture  prof i le  of  the  a tmosphere  f rom measurements  made by a n  i n s t r u -  
ment looking toward t h e  E a r t h  from a s a t e l l i t e  a n d  s e n s i n g  r a d i a t i o n  e m i t t e d  
from t h e  E a r t h  i n  s e v e r a l  f r e q u e n c y  b a n d s  or a t  s e v e r a l  d i f f e r e n t  v i e w i n g  
ang le s .  
Cons ide rab le  w o r k  has been  done  in  the  f i e l d  of i n v e r s i o n  t h e o r y  ( refs .  1 
to 5 ) .  A s  a r e s u l t ,  a number of r e l i a b l e  t e c h n i q u e s  are a v a i l a b l e  t o  " i n v e r t "  
r a d i a n t  t r a n s f e r  d a t a .  The purpose of t h i s  paper is to  d e r i v e  a new i t e r a t i v e  
t e c h n i q u e  f o r  i n f e r r i n g  c o n c e n t r a t i o n  p r o f i l e s  f r o m  s u c h  a s e t  of measurements. 
I n  o r d e r  to examine some of  the  conve rgence  p rope r t i e s  o f  t h i s  me thod ,  it is 
used to i n v e r t  two numerical   demonstrat ion  examples .   The  resul ts  are  compared 
w i t h  t h o s e  of o t h e r  s t a n d a r d  i n v e r s i o n  t e c h n i q u e s .  
The present method is ve ry  similar to t h a t  d e v e l o p e d  by W. L. Smith 
( r e f .  1) , t h e  d i f f e r e n c e  b e i n g  i n  t h e  m a t h e m a t i c a l  form of the  "we igh t ing  
func t ions"   descr ibed   here in .   Al though  ne i ther   method is r e s t r i c t e d  to a 
homogeneous atmosphere, both methods reduce to t h e  same a l g e b r a i c  form for 























Planck  func t ion  
g e n e r a l  f u n c t i o n  i n  e q u a t i o n  (1 ) 
g e n e r a l  f u n c t i o n a l  f o r m  
r a d i a t i o n  spectral i n t e n s i t y  
t o t a l  number of  ins t rument  channels  
a b s o r p t i o n  cross s e c t i o n  
n ( 2 )  , number d e n s i t y  
p r e s s u r e  a t  a l t i t u d e  z 
s e a - l e v e l  p r e s s u r e  
w e i g h t i n g  i n t e g r a l  d e f i n e d  by e q u a t i o n  ( A l 8 )  
t r a n s m i t t a n c e  
o p t i c a l  mass 
we igh t ing  func t ion  
I n  (P/Po) 
a l t i t u d e  measured from sea l e v e l  
v a r i a b l e  o f  i n t e g r a t i o n  
f u n c t i o n  d e f i n e d  by equa t ion  (A61 
c o s i n e  of angle  emerging ray makes w i th  local v e r t i c a l  
o p t i c a l  d e p t h  
in s t rumen t  r e sponse  func t ion  
S u b s c r i p t s :  
j channel  umber, 1 ,  2, . . . , J 
TOP top  f   atmosphere,  or sa te l l i t e  a l t i t u d e  
x wavelength 
2 
S u p e r s c r i p t s :  
m i t e r a t i o n  number 
meas measured  value 
* p a r t i c u l a r   a l t i t u d e  i n  i n t e r v a l  I: 0,  ZTOpl 
PRELIMINARY REMARKS 
I n  t h e  p r e s e n t  a p p r o a c h ,  t h e  i n t e n s i t y  a t  t h e  top of t he  a tmosphe re  
Ix(zToP) is r e l a t e d  t o  the   concen t r a t ion   t h roughou t   t he   a tmosphe re  by a n  
e q u a t i o n  of t h e  f o r m  
i n  wh ich  the  quan t i ty  to be determined is t h e  v e r t i c a l  d i s t r i b u t i o n  o f  t h e  
abso rb ing  species n ( z )  . If equa t ion  (1 )  is p u t  i n t o   a n   i t e r a t i v e  form, t h e  
d i f f e rence   be tween  IX c a l c u l a t e d   u s i n g   t h e  ( m  + 1 ) t h  i t e r a t i o n  f o r  n ( z )  
a n d  t h a t  u s i n g  t h e  mth i t e r a t i o n  is 
A procedure  has  been  found for  fac tor ing  the  braced term so t h a t  i t  can be 
w r i t t e n  as t h e  product of t w o  f u n c t i o n s ,  
where   g (z ,p)  is a known f u n c t i o n  of nm(z)   and   h[z ,E(z)  ,p] is an unknown 
funct ion   which   depends   on   n (m+7)   (z )  , t h rough   t he  term € ( z )  . I t  is shown i n  
t h e   a p p e n d i x   t h a t  E ( z )  is bounded  by a small parameter for a l l  v a l u e s  of z .  
Thus, by e x p a n d i n g   h [ z , € ( z ) , u ]   i n  a power series i n  ~ ( z )  a n d   r e t a i n i n g   o n l y  
t h e  l i n e a r  terms, equa t ion  (2 )  can  be  pu t  i n to  the  fo rm 
where  Wx(z) is known and is u s u a l l y   r e f e r r e d  to  as t h e   " w e i g h t i n g   f u n c t i o n . "  
I n  t h i s  method,   the   weight ing   func t ion  Wx(z) is given  by  equat ion  (A21),  
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where Tl is t h e  optical depth ,  TA is t h e   t r a n s m i t t a n c e ,   a n d  BA is t h e  
P lanck  func t ion .  
The we igh t ing  func t ion  concep t  is one which is used  th roughou t  t he  f ie ld  
o f  i n v e r s i o n  t h e o r y .  T h i s  f u n c t i o n  v a r i e s  w i t h  a l t i t u d e  a n d  e s s e n t i a l l y  g i v e s  
t h e  u s e r  a picture of where   t he   i n fo rma t ion  is be ing   ob ta ined .  I f ,  for example, 
t h e  w e i g h t i n g  f u n c t i o n  p e a k s  i n  t h e  s t r a t o s p h e r e  a t  a c e r t a i n  f r e q u e n c y  a n d  
a n g l e ,  t h e n  p r a c t i c a l l y  a l l  of the  measured  informat ion  is coming from high 
a l t i t u d e .   I f   i n f o r m a t i o n   i n   t h e   t r o p o s p h e r e  is r e q u i r e d ,  l o o k  fo r   we igh t ing  
funct ions  which peak i n  t h e  t r o p o s p h e r e .  As d i s c u s s e d  i n  t h e  r e f e r e n c e s  
( r e f s .  1 to 5), it is impor tan t  to  have a r easonab ly  good d i s t r i b u t i o n  of 
we igh t ing   func t ion  peaks w i t h   a l t i t u d e .  To avoid   ambiguous   resu l t s ,  i t  is 
i m p o r t a n t  t h a t  t h e  p e a k s  o v e r l a p  as l i t t l e  as p o s s i b l e .  
As can be seen from equa t ion  ( 4 1 ,  t h e  w e i g h t i n g  f u n c t i o n s  i n  t h e  p r e s e n t  
method v a r y   w i t h  p and X. The funct ional   dependence  on not   only  occurs  
i n   t h e   f a c t o r  l / P  bu t  also i n   t h e   t r a n s m i s s i o n  term 
The f u n c t i o n s  TA (2) , TI (z ,P)  and BX (2) a l l  depend  on  the  wavelength of t h e  
r ad ia t ion  be ing  measu red ,  s ince  these  terms a l l  depend heavi ly  on  the  molecular  
absorb ing  properties o f  t h e  medium of t r ansmiss ion .  
S i n c e  t h e  i n t e n s i t y  a t  t h e  top of the  a tmosphere  is  measured by a n  i n s t r u -  
m e n t ,   t h e   q u a n t i t i e s   s u c h  as T and T b e i n g   u s e d   i n   t h e   w e i g h t i n g   f u n c t i o n s  
are more a p p r o p r i a t e l y  t h o u g h t  o f  as averaged  quant i t ies  over  the  band-pass  
r a n g e s   o f   t h e   i n s t r u m e n t   c h a n n e l s .   T h u s ,   f o r   t h e   j t h   c h a n n e l ,   a s s u m i n g  a rec- 
t angu la r   r e sponse   func t ion  
and so on for a l l  wavelength   dependent   quant i t ies .  The wid th   o f   the   channel  is 
rep resen ted  by AA, wi th  Xlawer  and Xupper r e p r e s e n t i n g   t h e  lower and  upper 
wavelengths   of   the   channel   and $ ( A )  r ep resen t ing   t he   i n s t rumen t   r e sponse   func -  
t i o n .   I f  a h i g h   r e s o l u t i o n   i n s t r u m e n t  is being  used,   Tj   and TA w i l l  be  
r easonab ly   i n t e rchangeab le  €or any   wavelength   in   the   channel .  The nar rower   the  
channe l ,  t he  more a c c u r a t e  t h e  a p p r o x i m a t i o n  w i l l  be. 
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A RETRIEVAL PROCEDURE 
Measurements of t h e  r a d i a t i o n  e m a n a t i n g  f r a n  and p a s s i n g  t h r o u g h  t h e  atmo- 
sphe re  are made i n  s e v e r a l  d i s c r e t e  c h a n n e l s  ( j  = 1 ,  2, . . ., J) , each   wi th  its 
own f i n i t e  f i e l d  of view, bandwidth [hxj = ( x j )  upper - (Xj)lawerJ, and viewing 
a n g l e  w i t h  respect t o  the outward normal  (c0s-l P I .  The  problem  faced  by  the 
r e sea rche r  is de termining  how to  i n f e r ,  from these measurements ,  a v e r t i c a l  
p r o f i l e  of a trace gas which is o p t i c a l l y  a c t i v e  to a l l  channels and which has 
a v e r t i c a l  d i s t r i b u t i o n  c o n s i s t e n t  w i t h  a l l  of the measurements to w i t h i n  t h e  
measurement error. The  inversion  scheme  presented  here   provides  a means f o r  
a c c o m p l i s h i n g  t h i s .  
The  invers ion  scheme out l ined  here  is d e r i v e d  i n  d e t a i l  i n  t h e  a p p e n d i x .  
The p r o c e d u r e ,  s u i t a b l e  f o r  u s e  o n  a high-speed computer, can be reduced to  t h e  
fol lowing sequence of  steps: 
I .  Assume an i n i t i a l   g a s   p r o f i l e   n O ( z )  as a f i r s t  estimate 
2 .  In  each  channe l ,  ca l cu la t e  t he  u l jwe l l ing  r ad iance  a t  t h e  top of t h e  
atmosphere by us ing  equa t ion  (A2) ,  
3 .  C a l c u l a t e  t h e  w e i g h t i n g  f u n c t i o n  f o r  e a c h  c h a n n e l  by use  of 
equa t ion  (A21 , 
where T j m  is t h e  opt ical  dep th   p red ic t ed  from the   measurements   in  
t h e   j t h   c h a n n e l   o n   t h e  mth i t e r a t i o n   a n d  T i m  is t h e   c o r r e s p o n d i n g  
t ransmi t tance  computed  f rom th is  va lue  of t e optical  depth.  
4 .  For each data  channel ,  
of   equat ion ( A 2 0 ) ,  
calculate a new g a s  p r o f i l e  n j  (m+l) ( z )  by u s e  
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where 
and Sjm is computed  from  equation (A1 8)  
5 .  The f i n a l  estimate o f   n ( z )   f o r   e a c h   a l t i t u d e  is obta ined   f rom a 
w e i g h t e d  a v e r a g e  o f  t h e  i n d i v i d u a l  p r o f i l e s ,  g i v e n  by equat ion  (A22),  
There are a number o f  p o i n t s  w o r t h  d i s c u s s i n g  i n  c o n n e c t i o n  w i t h  t h i s  
a l g o r i t h m .  I f  t h e  w e i g h t i n g  f u n c t i o n s  are well s e p a r a t e d  w i t h  l i t t l e  or no 
over lap  (which  se ldom happens  in  prac t ice) ,  then  the  best estimate f o r  n (z) 
i n  a g i v e n  a l t i t u d e  r e g i o n  is t h a t  g i v e n  by t h e  c h a n n e l  w i t h  a nonzero weight- 
i n g  f u n c t i o n  i n  t h a t  r e g i o n ;  t h a t  is, i f  t h e  j t h  c h a n n e l  is t h e  o n l y  o n e  w h i c h  
has a nonze ro   we igh t ing   func t ion  a t  sane a l t i t u d e  z*, then   equat ion  (A22) 
r e d u c e s  e s s e n t i a l l y  to 
o + o + . . . + n j ( z * )   w j m ( z )  + 0 + . . . 
n(z* )  = . . . . .~ ~ - .  ." -. " . - - - - = n j  (z*) ( 1  3)  
o + o + .  . . + W j r n ( Z * )  + o + .  . . 
Thus, i n  t h e  a l t i t u d e  r e g i o n s  w h e r e  t h e r e  is sane o v e r l a p  of t h e  w e i g h t i n g  
func t ions ,  t he  we igh t ing  p rocedure  p rov ides  a reasonable  scheme t o  form a physi-  
ca l ly  mean ingfu l  ave rage  of t h e  i n f o r m a t i o n  from t h e  c o n t r i b u t i n g  c h a n n e l s .  
AI jm(zTop,p j )  
I n  step 4 of t h e   p r o c e d u r e ,   t h e step s i z e  is not  bounded 
S j m  
mathemat ica l ly .  I t  h a s  b e e n  f o u n d  t h r o u g h  e x p e r i e n c e  t h a t  t h e  r a t e  of conver- 
gence is f requent ly   enhanced  by r e s t r i c t i n g  t h e  s t e p  s i z e  t o  0.5. Th i s  va lue  
is a r b i t r a r y ,  b u t  it has  been  found  through  experience to  be  useful .   Al though 
l i m i t i n g  t h e  s tep may require a few more i t e r a t i o n s  i n  sane c a l c u l a t i o n s ,  it 
was found expedient  to a p p r o a c h  t h e  s o l u t i o n  b y  more m o d e r a t e  s i z e  steps. I n  
sane c a l c u l a t i o n s ,  l i m i t i n g  t h e  step s i z e  may even prevent  d ivergence .  
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It is w o r t h  r e p e a t i n g  t h a t  t h i s  t e c h n i q u e  i s  c l o s e l y  r e l a t e d  to t h a t  o f  
W. L.  Smi th   ( re f .  l ) ,  as desc r ibed  by S e a l s  i n  r e f e r e n c e  6. The  only major 
d i f f e r e n c e s  i n  t h e  a l g o r i t h m s  are as fol lows:  
Weight ing  funct ion  Wjm(z)  - Given i n  t h e  p r e s e n t  t e c h n i q u e  as 
it is g i v e n  i n  t h e  S m i t h  t e c h n i q u e  ( u s i n g  p r e s e n t  n o t a t i o n )  by 
where Urn(,) is t h e  o p t i c a l  mass pa th   g iven  by t h e  mth i t e r a t i o n ,  or by S e a l s  
as 
wi th  y = In  (p/po) when 
p r e s s u r e  a t  sea l e v e l .  
p is t h e   p r e s s u r e  a t  l e v e l  y  and  po is t h e  
S i n t e g r a l  - Given i n  t h e  p r e s e n t  t e c h n i q u e  by 
it was g i v e n  i n  r e f e r e n c e  6 by 
Thus, if the  Smi th  a lgor i thm is a l r eady  ava i l ab le  in  p rogram fo rm,  the  p re sen t  
a lgor i thm can  very  eas i ly  be  added  to the  p rogram,  g iv ing  the  use r  an  add i t iona l  
o p t i o n  f o r  i n v e r t i n g  data.  
NUMERICAL EXAMPLE 
The i n v e r s i o n  s i m u l a t i o n  was pe r fo rmed  in  th ree  major s t e p s :  
1 .  A s t u d y  was made to f i n d  a set of narrow data channels which was appro- 
p r i a t e  f o r  a h i g h - r e s o l u t i o n  i n f r a r e d  h e t e r o d y n e  spectrometer and was r easonab ly  
f r e e  of t h e  e f f e c t s  o f  i n t e r f e r i n g  g a s e s .  
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2. A set o f  s y n t h e t i c  "measurement  data" was crea ted  us ing  an  upwel l ing  
radiance program which evaluated equat ion ( A l )  for  an assumed nominal  densi ty  
p r o f i l e  o f  t h e  trace gas,  ozone.  
3 .  The a l g o r i t h m  d e s c r i b e d  i n  t h e  section "A Re t r i eva l  P rocedure"  was t h e n  
used to inve r t  t he  measu remen t  da t a  in  an a t t e m p t  to recove r  the  dens i ty  p ro -  
f i l e .  N o  measurement error was assumed i n  t h e s e  studies. 
D e t a i l e d  d e s c r i p t i o n s  o f  t h e s e  s t e p s  f o l l o w .  
Channe l  Se lec t ion  
To f ind  appropr i a t e  wave leng ths  and  ang le s  a t  which t o  locate t h e  i n s t r u -  
ment   channels ,   the   1966 U.S.  Standard  Atmosphere  ( ref .  7) and a s imple  absorp-  
t i o n  model were used  in  a s t u d y  t o  c a l c u l a t e  t h e  t o t a l  t ransmiss ion  through a 
homogeneous s l a b  where pressure, tempera ture ,  and  th ickness  are  s p e c i f i e d .  
This  computer  program,  developed by R. K. S e a l s ,  J r . ,  of  the  NASA Langley 
Research  Center  and L. L. Gordley  of  Systems t i  Appl ied  Sc iences  Corpora t ion ,  is 
unpublished. I t  e s s e n t i a l l y  calculates the   monochromat i c   t r ansmiss iv i ty  a t  a 
number o f  d i s c r e t e  f r e q u e n c i e s  a n d  is based  on  the  assumpt ion  of  one  bas ic  
absorb ing  species and up t o  f i v e   i n t e r f e r i n g   g a s e s .   L i n e  parameters from an 
updated  version  of  the  McClatchey tape ( r e f .  8) are used. The o u t p u t   c o n s i s t s  
of two curves of  t ransmi t tance  versus  wavelength  - one  fo r  t he  bas i c  abso rbe r  
a lone  and  one f o r  the bas i c   abso rbe r  plus t h e  i n t e r f e r i n g  g a s e s .  An example  of 
t h i s  o u t p u t  is shown i n  f i g u r e  1 f o r  t h e  wave-number range  of 1041 .5 cm-' to  
1044.0 cm-l and i n  f i g u r e  2 for   the   range   of   1050 cm-' to 1060 an". In   bo th  
f i g u r e s ,  t h e  b a s i c  a b s o r b i n g  g a s  was ozone  and  the  in te r fe r ing  gases  were 
carbon  dioxide,  water vapor ,   and  methane.   (See  table  I.) The water vapor 
continuum was n o t  i n c l u d e d  i n  t h i s  model. 
Seve ra l  r eg ions  o f  minimum i n t e r f e r e n c e  c a n  e a s i l y  b e  s e e n  i n  t h e s e  f i g -  
ures. To take advantage of t h e s e   r e g i o n s ,   t h e   f i v e   c h a n n e l s  shown i n  t a b l e  I1 
were chosen  for  the  s imula ted  soundings .  
S y n t h e t i c  Data 
An upwell ing-radiance program was developed t o  s o l v e  e q u a t i o n  ( A l )  f o r  a 
l a r g e  number of  monochromatic  frequencies.  The resul ts  were t h e n   i n t e g r a t e d  
over   the   f in i te   bandwidth   o f   each   channel  to produce  the  "measurements." A 
r ec t angu la r   i n s t rumen t   r e sponse   func t ion  was assumed.  The n e u t r a l   c o m p o s i t i o n  
of the atmosphere used is p r e s e n t e d  i n  t a b l e  111. 
I n   e v a l u a t i n g   e q u a t i o n  ( A I ) ,  a p lane-para l le l   a tmosphere  was used.  This 
was b roken  in to  50 l aye r s ,  each  of 2-km t h i c k n e s s .  The  Loren tz  p ro f i l e  was 
used t o  compute t h e  a b s o r p t i o n  cross s e c t i o n  b e l o w  an a l t i t u d e  o f  34 km, and 
t h e  V o i g t  p r o f i l e ,  c a l c u l a t e d  from the  computa t iona l  a lgo r i thm of r e f e r e n c e  9 ,  
was assumed  above t h i s  a l t i t u d e .  
8 
I n v e r s i o n  
With the atmospheric  upwell ing-radiance program, a l l  p e r t i n e n t  p h y s i c a l  
variables, such as optical d e p t h  a n d  t r a n s m i s s i v i t y ,  c a n  be c a l c u l a t e d  sepa- 
r a t e l y  f o r  e a c h  s p e c i e s  a t  each  a l t i t ude  and  wave leng th .  After ozone was 
chosen  fo r  t he  gas  to be p r o f i l e d ,  several ins t rument  channels  were s e l e c t e d .  
The  we igh t ing  func t ions  for t h e s e  c h a n n e l s  were computed  by equa t ion  (A21) and 
are p i c t u r e d  i n  f i g u r e  3 .  Note t h a t  p e a k s  occur below the  ozone  bu lge  a t  21 km 
( f i g .  3 )  . The  dependence  on l /p  is e v i d e n t   i n   c h a n n e l s  3 and 5 where   t he  
same wavelength was c h o s e n ,  b u t  d i f f e r e n t  a n g l e s  were used.  Channel 3 p e a k s  a t  
a s l i g h t l y  h i g h e r  a l t i t u d e ,  s i n c e  its r a t io  of optical  dep th  t o  l-4 is g r e a t e r  
t h a n  t h a t  of channel  5 a t  a l l  nonzero optical depths .  
A number of p r o f i l e  r e t r i e v a l s  were made cor responding  to  d i f f e r e n t   i n i t i a l  
guesses  of t h e  o z o n e  p r o f i l e .  Two estimated profiles are shown i n  f i g u r e  4.  
After some e x p e r i e n c e  was ga ined ,  it became a p p a r e n t  t h a t  a n  i n t e r e s t i n g  f e a t u r e  
of the  t echn ique  p resen ted  he re in  was its s t a b i l i t y ,  p a r t i c u l a r l y  i n  c o m p a r i s o n  
w i t h  t h e  c l o s e l y  r e l a t e d  f o r m u l a t i o n  of t h e  t e c h n i q u e  of S m i t h  i n  r e f e r e n c e  6 .  
Hawever, it must be emphas ized  tha t ,  for t h e  a p p l i c a t i o n  o f  t h e  p r e s e n t  t e c h -  
n i q u e ,  t h e  c h a n n e l  s e l e c t i o n  was made t o  spread t h e  peaks of t h e  w e i g h t i n g  
f u n c t i o n s  (eq. ( A 2 1 )  ) as evenly  as p o s s i b l e   o v e r   t h e  a l t i tude range.   These 
c h a n n e l s  w o u l d  n o t  n e c e s s a r i l y  b e  s u i t a b l e  f o r  t h e  a p p l i c a t i o n  of t h e  S m i t h  
technique   which   used   the   weight ing   func t ions   o f   re fe rence  6. These  weight ing 
f u n c t i o n s ,  for t h e  same set of c o n d i t i o n s  as s t a t e d  a b o v e ,  a r e  shown i n  f i g -  
u r e  5. These a l l  p e a k  above   the   t roposphere  for t h e   s t a t e d   c o n d i t i o n s   a n d  
hence a l l  provided   " informat ion"   f rom  the  same reg ion  of the   a tmosphere .  I t  is 
possible t h a t  a more n e a r l y  optimum s e l e c t i o n  of c h a n n e l s  t a i l o r e d  t o  the  Smi th  
we igh t ing  func t ion  would y i e l d  results similar t o  t h o s e  o b t a i n e d  by t h e  p r e s e n t  
method. The fol lowing  comparison of numerical  results s h o u l d ,   t h e r e f o r e ,  be 
viewed as an appl ica t ion  of  bo th  methods  to  t h e  same ins t rument  and  not  as a 
comparison of optimum r e t r i e v a l  t e c h n i q u e s .  
The  three  ozone  profiles used t o  s imula t e  the  r ad iance  measu remen t s  for 
each of t h e  f i v e  c h a n n e l s  are shown i n  f i g u r e  4.  The c u r v e  l a b e l e d  " F i r s t  
G u e s s  for Case 1"  is t h e  i n i t i a l  p r o f i l e  u sed  in  bo th  the  p re sen t  and  the  Smi th  
r e t r i e v a l  methods.  The results o f  t h e  r e t r i e v e d  p r o f i l e s  are shown i n  f i g u r e  6 .  
T h e  s o l i d  l i n e  shows t h e  t r u e  profiles,  t h e  d a s h e d  l i n e s  show t h e  resul ts  of  
t he  p re sen t  me thod  a f t e r  30 and 54 i t e r a t i o n s ,  w h i l e  t h e  dotted l i n e  shows t h e  
results of t h e  S m i t h  t e c h n i q u e  af ter  6 3  i t e r a t i o n s .  The present  method recovers  
t h e  p r o f i l e  below t h e  t r o p o p a u s e  r e a s o n a b l y  well a n d  d o e s  n o t  f a r e  too b a d l y  i n  
r e c o v e r i n g  t h e  b u l g e  a n d  t h e  t r a i l i n g  prof i le  above  the  t ropopause .  The re  was 
no s u b s t a n t i a l  improvement after 30 i t e r a t i o n s ,  p o s s i b l y  d u e  t o  accumulat ion of 
round-off error (ref. 2 ) .  U s i n g   t h e  same d a t a ,   t h e   S m i t h   t e c h n i q u e   f a i l e d  t o  
achieve  law r e s i d u a l  v a l u e s  i n  its i t e r a t i o n s .  The r e s i d u a l  error i n  t h i s  s i m -  
u l a t i o n  is d e f i n e d  to be 
Residualm = > (Measured  Radiancej - Calcu la t ed   Rad iance jm)  2 
channe l s  
The r e s i d u a l s  f r a n  b o t h  m e t h o d s  are shown i n  f i g u r e  7. Those from t h e  
p resen t  me thod  va r i ed  qu i t e  smoo th ly  and  s t ab i l i zed  a t  abou t  41 i t e r a t i o n s .  
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The Smith residuals also seemed to  s t a b i l i z e  smewhat a t  t h i s  p o i n t ,  a t  a l e v e l  
about  an order o f  magn i tude  h ighe r  t han  those  o f  t he  p re sen t  me thod .  The  
i n i t i a l  ra te  of convergence is abou t  t he  same for  both methods up t o  about  
1 5 i t e r a t i o n s .  
It is worth emphasizing t ha t ,  f o r  i n i t i a l  g u e s s e s  t h i s  f a r  fran t h e  t r u e  
v a l u e ,  t h e  l i m i t a t i o n  of t h e  maximum step s i z e  to  IAI/Sl 4 0.5 was mandatory. 
Nei ther  the Smith technique nor  the present  method converged without  the u s e  
of t h i s  c r i t e r i o n .  N e g a t i v e  number d e n s i t i e s  a n d  e x t r e m e l y  l a r g e  r a d i a n c e s  
resulted when t h e  step s i z e  was allowed to  vary  wi thout  bound. 
The results j u s t  d iscussed were f o r  a r e t r i e v a l  w h e r e  t h e  i n i t i a l  p r o f i l e  
unde res t ima ted   t he   t rue   a tmosphe r i c  profile a t  a l l  a l t i t u d e s .  A p r o f i l e  
r e t r i e v a l  u s i n g  t h e  p r e s e n t  m e t h o d  is shown i n  f i g u r e  8. The i n i t i a l  p r o f i l e  
has  the  same shape as t h e  true profile,  but   everywhere  overest imates  t h e  pro- 
f i l e  as shown i n  f i g u r e  4. The r e t r i e v e d  results are shown i n  f i g u r e  8 f o r  t h e  
38th i terat ion,  and  the residuals are shown i n  f igure  9. The step s i z e  i n h i b i -  
t i o n  was used. Once a g a i n  t h e  present results r e p r o d u c e d  t h e  t r u e  profile 
( f i g .  8) reasonably  well, p a r t i c u l a r l y  belw t he   t ropopause .  The i n i t i a l  
behav io r  o f  t he  r e s idua l s  was more errat ic ,  bu t  t hey  even tua l ly  smoo thed  o u t  
and reached a v a l u e  s l i g h t l y  h i g h e r  t h a n  t h a t  of t h e  i n i t i a l  profile.  
CONCLUDING REMARKS 
I n  t h i s  s t u d y  a new i t e r a t i v e  t e c h n i q u e  i s  derived which is  capable of 
e f f i c i e n t l y  i n f e r r i n g  d e n s i t y  p r o f i l e s  f r o m  r a d i a n t  i n t e n s i t y  m e a s u r e m e n t s  made 
i n  a nonhomogeneous absorbing atmosphere a t  a n  a r b i t r a r y  a n g l e  w i t h  t h e  outward 
n o r m a l .  S t a b i l i t y  has been  demonstrated  for   the  examples   presented,   and  expe-  
r i ence  ind ica t e s  t ha t  t he  t echn ique  conve rges  ove r  a wide range of c o n d i t i o n s .  
Ins t rument  channels  were selected t o  t a k e  advantage  of  the  characteristics of 
h igh - re so lu t ion  in f r a red  he te rodyne  spectrometers which are capable of  ex t rac t -  
i ng  in fo rma t ion  a b o u t  ozone profiles well below t h e  21-km d e n s i t y  p r o f i l e  b u l g e .  
Langley Research Center 
Nat iona l  Aeronaut ics  and  Space Admin i s t r a t ion  
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A DERIVATION OF THE RETRIEVAL ALGORITHM 
I n  t h e  p r e s e n t  d e r i v a t i o n ,  t h e  a s s u m p t i o n  is made t h a t  t h e  temperature 
d i s t r i b u t i o n  t h r o u g h  t h e  a t m o s p h e r e ,  as well as t h e  d e n s i t y  d i s t r i b u t i o n  o f  
a l l  o p t i c a l l y  a c t i v e  species o the r  t han  the  one  unde r  inves t iga t ion ,  is known. 
Under c o n d i t i o n s  of thermodynamic equilibrium for a n o n s c a t t e r i n g  p l a n a r  atmo- 
s p h e r e ,  t h e  r a d i a n t  t r a n s f e r  e q u a t i o n  f o r  a s i n g l e  a b s o r b i n g  species relates 
t h e   i n t e n s i t y  of r a d i a t i o n   i n   c h a n n e l  j to a l t i t u d e  z as fol lows:  
where  the  only  sources of r a d i a t i o n  are the  Ear th  (which  is assumed to  r a d i a t e  
as a black  body)  and  the  atmosphere.  
In t eg ra t ion  o f  t he  second  term of   equat ion ( A l l  by parts y i e l d s  
I f  e q u a t i o n  (A2)  is cons ide red  to  b e  t h e  e q u a t i o n  g o v e r n i n g  t h e  i n t e n s i t y  
of t h e  mth s t e p  o f  an i t e r a t i v e  s o l u t i o n  f o r  n ( z ) ,  t h e  d i f f e r e n c e  b e t w e e n  t h e  
i n t e n s i t y  f u n c t i o n s  f o r  t h e  mth and (m + 1 ) t h   i t e r a t i o n  is 
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D e f i n e   t h e  optical  dep th  T j  ( z )  a t  a l t i t u d e  z by t h e   r e l a t i o n  
a n d  s u b s t i t u t e  t h i s  i n t o  e q u a t i o n  ( A 3 ] .  As u s u a l  i n  i t e ra t ive  methods,   the 
assumption is made t h a t  number I j  (m+l) ( t h e  r a d i a t i o n  a t  t h e  top of t h e  atmo- 
s p h e r e  i n  t h e  j t h  c h a n n e l  of t h e  1 t e r a t i o n  f o l l a w i n g  t h e  m t h )  c a n  be replaced 
by t h e  v a l u e  of t h e  i n t e n s i t y  i n  t h e  j t h  c h a n n e l  as measured by t h e  i n s t r u m e n t .  
Thus, 
- exp  [ -T jm(z ' ) ]  p j  { 11) 
D e f i n e   t h e   f u n c t i o n   E j m ( z )   s u c h   t h a t  
T. ( m + l )  ( z )  7 
= 1 + E j m ( 2 )  (A61 
T j r n  (2) 
Then t h e  e x p r e s s i o n  i n  p a r e n t h e s e s  i n  e q u a t i o n  (A5) can  be s i m p l i f i e d  t o  
A f t e r  complet ion of t h e  mth i t e r a t i o n ,  e q u a t i o n  (A7)  reduces  to  t h e  p r o d u c t  
of two terms. The f i r s t  term, exp   [ -Tjm(z ' ) ] /p j  , is completely  determined.  
The second term, c o n t a i n i n g   t h e  parameter n(m+l)  (z), is unknown, bu t  i t s  power 
series expansion w i l l  conve rge   r ap id ly  if [Tjm(z ' ) ] /p j  is bounded  and if 
E jm(z ' )   can  be shown to be  small enough  throughout 0 6 z '  < zTOP s u c h   t h a t  
{ 1 
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I t  has  been  found  through  experience (e.g., i n  the  numer i ca l  demons t r a t ions  
p r e s e n t e d  i n  t h e  body  of t h i s  paper) t h a t  € j m ( z )  is o f   t he   o rde r   o f  1 0'2 or 
1 0'3 and becomes even smaller as A I m  + 0.  Thus,   s ince  the  product   of  ET 
m u s t  be small, optical  d e p t h s  i n  e x c e s s  o f  1 0  are r o u t i n e l y  w i t h i n  t h e  r a n g e  o f  
v a l i d i t y  o f  t h i s  a p p r o a c h .  
By making the power series e x p a n s i o n  a n d  r e t a i n i n g  l i n e a r  terms, t h e  r i g h t -  
hand  s ide  o f  equa t ion  (A7) can  be w r i t t e n  as: 
U s e  Of equa t ion  (A9)  r e su l t s  i n  e q u a t i o n  (245) reducing  t o  
where 
I n  order t o  show t h a t  e a m ( , )  i s  indeed "small," and t o  j u s t i f y   f u r t h e r  
manipula t ion  of  equat ion  (A1 Oj, t h e  cen t r a l  a s sumpt ion  is made t h a t  t h e  T j m ( z )  
conve rge   un i fo rmly   on   t he   i n t e rva l  0 5 z < ZTOP as m + OD. With t h i s  assump- 
t ion ,  t he  a lgo r i thm can  be de r ived .  
T h a t   & j m ( z )  is a r b i t r a r i l y  small on t h e  i n t e r v a l  0 5 z < zToP fo l lows  
frcm r e w r i t i n g  e q u a t i o n  (A61 as 
S ince  T ~ ~ ( Z )  converges  uniformly  on [O,zTOpi, t h i s  implies t h a t   h e r e  1 
e x i s t s   a n   i n t e g e r  N s u c h   t h a t   f o r  a l l  m l a r g e r   t h a n  N and   for  a l l  z 
c o n t a i n e d   i n   t h e   i n t e r v a l  [o,zTOp], 
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f o r  a 6' still to be determined.  S ince  z < zToP, ~ j m ( z )  > 0 . Consider  any 
y > 0. By d e f i n i n g  6 '  = y'Tjm(z*) where 'Tjm(z*) is t h e  maxlmum va lue  of 
The  uniform  convergence  of  Tjm(z) w i l l  also be used to show t h a t  equa- 
t i o n  (A1 0) can be r e w r i t t e n   ( w i t h   a n   a r b i t r a r i l y  small error as m + as 
fo l lows  : 
where  A(z) is t h e  error created by b r ing ing  € ( z ' )  o u t s i d e  t h e   i n t e g r a l   a n d  
w i l l  be shown to  be a r b i t r a r i l y  Small for a l l  va lues   o f  z i n  [o,zTOp] (and 
can be neg lec t ed  for computa t iona l  purposes) .  
Consider t h e  d i f f e r e n c e  
where # 0, d B - ( z ' ) / d z ' ,  T j m ( z ' ) ,  T j m ( z ' )  are a l l  p h y s i c a l   q u a n t i t i e s  
and are gence bounAed so t h a t  
But s i n c e  it has j u s t  been shown t h a t  for any z i n  t he  i n t e r v a l  [o,ZTop], 
- 
~ j m ( i )  < y for a r b i t r a r y  y > 0 
if m is s u f f i c i e n t l y   l a r g e .  For € j m ( z ' ) ,   c h o o s e  Y = ~ / M Z T O P .  For E j m ( Z ) ,  
choose y = 6/2MZ~op.  Then, 
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S i n c e  6 is a r b i t r a r y ,   e q u a t i o n  (A10) can be r e w r i t t e n  as 
w i t h  n e g l i g i b l e  error. 
For  any z, t hen  
where 
Thus, 
By d i f f e r e n t i a t i n g   e q u a t i o n  (A191 w i t h  respect to z and  us ing   equat ion  (A4) 
to e l i m i n a t e  t h e  d e r i v a t i v e ,  t h i s  c a n  be  pu t  i n to  the  fo rm o f  a n  i t e r a t i v e  
a l g o r i t h m  f o r  t h e  number d e n s i t y  n ( z )  , 
The i n t e g r a n d  of S j   i n   e q u a t i o n  (A1 8) i s  t h e   w e i g h t i n g   f u n c t i o n  
1 5  
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i 
I n   t h e   i t e r a t i v e   a l g o r i t h m   d e s c r i b e d   i n   t h e   t e x t ,   t h e   a v e r a g e  n ( z )  w i l l  be 
used   i n   equa t ion  (A20) r a t h e r   t h a n  n j  (z) . T h i s   r e p r e s e n t s  a p h y s i c a l l y  
r e a s o n a b l e  i n t e r p o l a t i o n  scheme  between a l t i t u d e s  w i t h  w e i g h t i n g  f u n c t i o n  
p e a k s .  I t  should  be n o t e d   t h a t   s i n c e  A I j m  and  Sjm are he igh t   i ndependen t ,  
equa t ion  (A20) acts to a l t e r  the  magnitude  of n (2) , b u t  n o t  i ts p r o f i l e  s h a p e .  
Equation (A22) does  a l l  t h e  p r o f i l e  s h a p e  a l t e r a t i o n .  
1 6  
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TABLE I.- HOMlGENEOUS SLAB USED AS BASIS FOR SELECTING ABSORPTION CHANNELS 
Path  length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  70  km 
Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  50 kPa 
Temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  240  K 
C a n p o s i  t ion:  
03  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 . 1 1 4 0  ng/cm3 
c02 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  9 7 . 2 0  ng/cm3 
Hz0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 2 0 . 0  ng/cm3 
NH3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 . 5 7 2 0  pg/m3 
TABLE I1 .- CHANNELS SELECTED  FOR  SAMPLE  CALCULATIONS 
I n i t i a l  wavelength, cm-l 
. .  ~ 
1 0 4 2 . 2 0  
1041  .87 
1 0 4 1 . 5 8  
1 0 5 0 . 8 5  
1 0 4 1 . 5 8  
Final wavelength, 
1 0 4 2 . 2 3  
1 0 4 1 . 9 0  
1041  .61 
1 0 5 0 . 8 8  
1041  .61 




. 707  
.SO0 
.500 
1 8  
TABLE 111.- PROPERTIES OF ATM3SPHFAE 
(a) P h y s i c a l  
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24  267.30 
42 047.70 
71 069.40 




2.63 x 10-6 
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23.2 x 10-6 
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.212 x 1 0-3 
.345 X 10-3 
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Figure 4.- Three ozone profiles used i n  present study. "First  curves were s tar t ing 
points for iterative scheme. 
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Figure 8.- Prof i le  re t r ieva l  u s i n g  present method for 
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Figure  9.-  Res idua l s  for second demonstration case. 
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